Abstract. We prove Grothendieck's existence theorem for relatively perfect complexes on an algebraic stack that is proper and flat over an I-adically complete Noetherian ring A. This generalizes an earlier result of Lieblich in the setting of algebraic spaces.
Introduction
Recently, pioneering work of Bridgeland [Bri07] has shown that it is possible to define a notion of stability for objects in any triangulated category, vastly generalising the notion of stability of vector bundles as considered in GIT. However, unlike moduli of vector bundles in GIT, it is a subtler question to construct a moduli stack of objects in D b (Coh(X)), the bounded derived category of coherent sheaves on a scheme X. At the very least, such a stack should be algebraic in order to ask geometric questions.
In [Art74] , building on the seminal papers [Art69] and [Art70] , Artin gave a list of sufficient axioms for a stack to be algebraic. One of these axioms is that formal deformations of objects can be algebraized, i.e., that Grothendieck's existence theorem is satisfied. Therefore, in order to construct an algebraic stack parametrizing objects in D b (Coh(X)), we must at least be able to prove Grothendieck's existence theorem for such objects. The first result of this nature is that of Lieblich [Lie06, Proposition 3.6.1]. He proves that if one restricts to relatively perfect complexes (see Definition 7.1) on an algebraic space X, proper and flat over a complete local Noetherian ring, then Grothendieck's existence theorem holds. In fact, he checks the rest of Artin's axioms and proves that if X → S is a proper flat morphism of algebraic spaces, the moduli space of relatively perfect and universally gluable complexes D X/S is represented by an algebraic stack, locally of finite type over S [Lie06, Theorem 4.2.1].
The goal of this article is to establish an important first step towards constructing a moduli of relatively perfect objects on an algebraic stack. More precisely, we extend Lieblich's result on Grothendieck's existence theorem for relatively perfect complexes to the setting of algebraic stacks. This will be done by way of Date: July 12, 2019. two more general results, namely formal GAGA and Grothendieck's existence theorem for pseudo-coherent complexes (c.f. Definition 4.1 and Remark 4.6).
Theorem 1.1 (Formal GAGA for pseudo-coherent complexes). Let X be an algebraic stack that is proper over an I-adically complete Noetherian ring A. Then there is a natural equivalence of categories
of pseudo-coherent complexes. Theorem 1.2 (Grothendieck existence for pseudo-coherent complexes). Let X be an algebraic stack that is proper over an I-adically complete Noetherian ring A. Define X n := X × A A/I n+1 . Then any adic system of pseudo-coherent complexes on X n algebraizes to a pseudo-coherent complex on X .
Using these results, we can prove formal GAGA and Grothendieck's existence theorem for perfect complexes on algebraic stacks: Theorem 1.3 (Formal GAGA for perfect complexes). Let X be an algebraic stack that is proper over an I-adically complete Noetherian ring A. Then there is a natural equivalence of categories
of perfect complexes. Theorem 1.4 (Grothendieck existence for perfect complexes). Let X be an algebraic stack that is proper over an I-adically complete Noetherian ring A. Define X n := X × A A/I n+1 . Then any adic system of perfect complexes on X n algebraizes to a perfect complex on X .
Finally, using Grothendieck's existence theorem for pseudo-coherent complexes, we deduce a generalization of [Lie06, Proposition 3.6 .1] to the setting of algebraic stacks. Note that unlike the case of pseudo-coherent or perfect complexes, we need a flatness hypothesis here. Theorem 1.5 (Grothendieck existence for relatively perfect complexes). Let X be an algebraic stack that is proper and flat over an I-adically complete Noetherian ring A. Define X n := X × A A/I n+1 . Then any adic system of relatively perfect complexes on X n algebraizes to a relatively perfect complex on X . Remark 1.6. The reader may wonder if the triangulated category D − coh ( X ) can be described as some kind of inverse limit of triangulated categories lim D − coh (X n ). At present, we do not know if there is a appropriate definition for such an inverse limit that does not use the language of ∞-categories. One issue is the definition of what morphisms should be in this category. For example, given two systems {P n } and {Q n }, defining Hom({P n }, {Q n }) := lim Hom(P n , Q n ) is not the right definition. This is because if we suppose that P n , Q n are the reductions of P, Q to X n , the natural surjective map Hom(P, Q) → lim Hom(P n , Q n ) has kernel R 1 lim Hom(P n , Q n [−1]) which may not vanish. Since it is not necessary to deal with inverse limits of triangulated categories to state our theorems, we will avoid the issue completely.
1.1. Comparison of Lieblich's result with ours. The classical form of Grothendieck's existence theorem asserts that given a scheme X proper over an I-adically complete Noetherian ring A, any adic system of coherent sheaves F n on X n := X × A A/I n+1 can be algebraized to a coherent sheaf on X. The theorem has been extended to the case of algebraic spaces by [Knu71, Theorem 6.3] and most recently by [Ols05, Theorem 1.4] and [Con05, Theorem 4.1] for algebraic stacks. In all these cases, the proofs rely on Chow's Lemma and standard dévissage techniques.
Lieblich's proof of [Lie06, Proposition 3.6 .1] ultimately reduces to the case of coherent sheaves on algebraic spaces [Knu71, Theorem 6.3] . Therefore, given the results of [Ols05, Theorem 1.4] and [Con05, Theorem 4 .1], it is reasonable to ask if the proof of [Lie06, Proposition 3.6 .1] generalizes verbatim to the case of algebraic stacks. We now give a rough idea for why this is not the case. Suppose that X A is an algebraic space, proper and flat over an Artinian local ring A. Let A → A 0 be a square-zero thickening, E 0 an object of D b (Coh(X A0 )) that is relatively perfect over A 0 , and
Lieblich constructs a tangent-obstruction theory for deformations of objects in the derived category [Lie06, Theorem 3.1.1], crucially relying on the fact that the (small)étale site is invariant under infinitesimal thickenings. Lieblich uses this to show that E 0 is quasi-isomorphic to a bounded above complex J • 0 that lifts to a complex
The upshot of this procedure is that if X is an algebraic space over a now complete Noetherian local ring A, any adic system of relatively perfect objects {E n } ∈ D b (Coh(X n )) can be replaced by an adic system of complexes {J . However, if we now wish to work on an algebraic stack X , Lieblich's proof does not generalize for the following reason: The lisse-étale site is not invariant under infinitesimal thickenings and therefore Lieblich's tangent-obstruction theory cannot be applied to replace an adic system of objects in the derived category with an adic system of complexes. It follows that any attempt to generalize Lieblich's result to algebraic stacks must either develop a deformation theory of complexes on the lisse-étale site, or avoid any recourse to deformation theory completely.
We will take the latter route in this article and show that it is not necessary to represent an adic system of relatively perfect objects in D b (Coh(X n )) by an adic system of relatively perfect complexes. Instead, given an adic system of relatively perfect objects P n , we will directly construct a pseudo-coherent object on X (the derived limit R lim P n ) that recovers each P n at the finite level. This object will then be algebraized to a pseudo-coherent object P on X by formal GAGA. Finally, we use the fact that X → Spec A is flat, and the fact that P 0 is relatively perfect over Spec A/I to prove that the algebraized object P is relatively perfect over Spec A.
The outline of this article is as follows. First, in Section 3 we provide a very general criterion for when a morphism of ringed sites f : (Y, O Y ) → (X, O X ) gives rise to an equivalence of triangulated categories
AY (Y ) (see Section 3 for notation). This will be done using a slight variant of [LO08, Lemma 2.1.10]. We apply this criterion to prove formal GAGA for pseudo-coherent complexes in Section 4. As a corollary of formal GAGA, we prove Grothendieck's existence theorem for pseudo-coherent complexes in Section 5. In Section 6, we apply the preceding results to prove formal GAGA and Grothendieck's existence theorem for perfect complexes. Finally, in Section 7 we prove Grothendieck's existence theorem for relatively perfect complexes.
1.2. Recent results in the literature. Hall [Hal18] has proven an existence theorem for pseudo-coherent complexes in a non-Noetherian setting. Unlike previous proofs of the existence theorem, Hall's proof does not rely on dévissage to the projective situation. Instead, he proves a very general result [Hal18, Theorem 6 .1] that is sufficient to imply all existing GAGA results in the setting of C-analytic spaces, rigid-analytic spaces, Berkovich spaces or formal algebraic spaces [Hal18, Examples 7.5, 7.7 and 7.8]. At this point, we make the important remark that our work is not a generalization of [Hal18, Example 7 .8] to the setting of algebraic stacks because we assume Noetherian hypotheses. Conversely, Hall's method does not generalize to algebraic stacks because a key hypothesis of [Hal18, Theorem 6.1] fails in this setting, namely that RΓ(X , −) preserves pseudo-coherence. Indeed, the algebraic stack BZ/pZ is proper over Spec F p , but RΓ(BZ/pZ, O BZ/pZ ) has non-zero cohomology in all positive degrees. Therefore, any generalization of Hall's method to prove nonNoetherian GAGA for stacks should at least include the hypothesis that X is tame, or admits a good moduli space in the sense of Alper [Alp13, Definition 4.1]. In summary, Hall's results are essentially orthogonal to ours.
Finally we mention results of Halpern-Leistner-Preygel [HLP14] . They have established various GAGA results for algebraic stacks in the context of derived algebraic geometry, with a focus on those with affine diagonal. Since the diagonals of the algebraic stacks considered in the present paper are proper, our results only overlap in the case of finite diagonals.
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A Preliminary Result
The goal of this section is to establish a very general result (Theorem 3.7) that we will use to deduce formal GAGA for pseudo-coherent complexes. Roughly, given a flat morphism of ringed sites f :
we are interested in sufficient conditions for there to exist an equivalence of categories Definition 3.1. Let X be a (Grothendieck) site. A prebasis for the topology on X is a subclass B X ⊆ Ob(X) such that every covering {V i → V } can be refined to a covering by elements of B X . Example 3.2. If X is an algebraic stack, we can take affines with a smooth morphism to X as a prebasis for the lisse-étale topology on X. Lemma 3.3. Let F be a presheaf of abelian groups on a site X with a prebasis B X . Let F # denote the sheafification of F . Suppose for every U ∈ B X that F (U ) = 0. Then F # = 0.
Proof. By the universal property of sheafification, it is enough to prove for any sheaf G and morphism of presheaves ϕ : F → G that ϕ = 0. Choose any V ∈ Ob(X) and section s ∈ F (V ). By assumption, there exists a cover {U i → V } with U i ∈ B X such that s| Ui = 0. Then ϕ(s)| Ui = ϕ(s| Ui ) = 0. Since G is a sheaf, ϕ(s) = 0. We conclude that ϕ = 0 as desired.
be a morphism of ringed sites. Recall that f is said to be flat if the ring map
In particular, this implies that the pullback f
is an exact functor. The technical lemma that we need is this: (1) For any object U in B X , u f (U ) is in B Y where u f : Ob(X) → Ob(Y ) is the functor on objects associated to the morphism of sites f .
Choose any integer n ∈ Z. Then for any non-negative integer j 0 such that n + j 0 ≥ 0, the natural map
is an isomorphism.
Proof. The exact triangle Rf * τ <−j0 G → Rf * G → Rf * τ ≥−j0 G gives rise to an exact sequence in cohomology
We need to show that the left and right-most terms are zero. To do this, first recall that If (C, O C ) is a ringed site and K an object of D(O C ), the n-th cohomology sheaf of K, H n (K), is the sheafification of the presheaf U → H n (U, K), where H n (U, K) is the n-th cohomology group H n (RΓ(U, K)). Therefore, by this and Lemma 3.3, it is enough to show for any object U ∈ B X that the following is true.
has the following properties. It is:
• Surjective for i = n − 1.
• An isomorphism for i = n.
• Injective for i = n + 1.
We show the i = n case is an isomorphism as follows. First, using assumptions (2) (3) we can apply [Stacks, Tag 0D6P] (which relies on the techniques of [Spa88] on K-injective resolutions) to conclude that the natural map G → R lim τ ≥−j G is an isomorphism, where j runs through all positive integers. Then, since derived pushforward commutes with derived limits [Stacks, Tag 0A07],
It is now sufficient to prove that
To get a hold on the derived limit, we use the Milnor exact sequence
We will show that
To this end, consider the exact triangle
where k is a positive integer that we will allow to vary. Applying RΓ(U, −) and then taking cohomology, we get an exact sequence
The key observation now is that for k ≥ 1,
Indeed by (1), u f (U ) ∈ B Y and the fact that k ≥ 1 implies n + j 0 + k > 0. The vanishing of the above cohomology group then follows from assumptions (2) and (3). Similarly,
for k ≥ 1 as well. The conclusion is that
is an inverse system of abelian groups such that G −(j0+k)
Reasoning similarly using Lemma 3.6 (a),
This finishes the i = n case of Claim 3.5. The rest of the aforementioned claim is proven similarly.
Lemma 3.6. Let {G −j } j∈N be an inverse system of abelian groups
Proof. Statement (a) follows from the fact that the transition maps are all eventually surjective. For (b), we must show that any x ∈ G −j0 can be lifted to G −j0+k for all k ≥ 1. This follows from the assumption that all transition maps
maps to zero in G −j0 , then necessarily x −j0 = 0. By definition of the inverse limit,
By injectivity, x −(j0+k) = 0 for all k ≥ 1 and therefore − → x = 0.
Here is the main result of this section:
be a flat morphism of ringed sites which admit prebases B Y and B X respectively. Fix weak Serre subcategories
Suppose that the following conditions hold:
restricts to an equivalence of categories
(ii) For every F, F ′ ∈ A X and n ∈ Z, the natural map
is an isomorphism of abelian groups.
Then the pullback f
Proof. We will first prove that f * restricts to a fully faithful functor
The fact that f * sends bounded objects to bounded objects is clear because f is flat, a fortiori commutes with cohomology. Fix F ∈ D b AX (X). It is enough to prove for any
Let us first assume that F ′ is concentrated in a single degree, so in particular is in A X . We will prove the equality above by induction on the length of F . If F is concentrated in a single degree, then this is condition (ii) above. Now suppose that F is a bounded complex concentrated in the interval [a, b]. Consider the exact triangle
Applying f * and then R Hom
By induction, the left vertical arrow is an isomorphism. Since all the cohomology sheaves of F are in A X , the right vertical arrow is an isomorphism. Therefore the middle vertical arrow is an isomorphism. This shows (3.1) in the case that F ′ is concentrated in a single degree, and repeating the same argument above shows (3.1) in general. Therefore
We now prove that
is essentially surjective, a fortiori an equivalence of categories.
By (i) and the inductive hypothesis, there exists F , F ′ so that
By full faithfulness, the morphism (
and so we have the equivalence on bounded derived categories as claimed.
Finally, we will use Lemma 3.4 to reduce to the bounded case as follows. We must show for any
are isomorphisms. Consider first the case of the counit. Fix n ∈ Z and choose a non-negative integer j 0 ≥ 0 such that n + j 0 ≥ 0. We want to show that the arrow (1) in the diagram below is an isomorphism.
The displayed equalities follow from flatness and arrow (2) is an isomorphism from Lemma 3.4. Furthermore, the object τ ≥−j0 G is bounded and therefore (3) is an isomorphism. Arrow (4) is trivially an isomorphism and therefore (1) is an isomorphism as desired. Reasoning similarly with the diagram
allows us to conclude that the unit is an isomorphism. This completes the proof of Theorem 3.7. 
with the following properties.
• The map on cohomology is an isomorphism in degree 0.
• The map on cohomology is surjective in degree −1. This motivates the following definition:
. Let R be a ring. A complex of R-modules P
• is said to be m-pseudo coherent (for some m ∈ Z) if there exists a bounded complex of finite free modules F
• and a morphism of complexes F
• → P • such that the following hold:
and surjective for i = m.
A complex P • is pseudo-coherent if it is m-pseudo-coherent for every m ∈ Z. An object P ∈ D(R) is pseudo-coherent if it is quasi-isomorphic to a pseudo-coherent complex. . Let (C, O C ) be a ringed site. An object P ∈ D(C) is said to be m-pseudo-coherent, if every U ∈ Ob(C) admits a covering {U j → U }, and morphisms α j :
• j a bounded complex of finite projective modules) such that the following hold:
We say that an object P ∈ D(C) is pseudo-coherent if it is m-pseudo-coherent for all m ∈ Z. As in the case of rings, we will let D − pc (C) denote the full triangulated subcategory of D(C) of objects quasi-isomorphic to a bounded above pseudo-coherent complex. We need an important permanence property of pseudo-coherent objects: As all the ringed sites we consider in this article have coherent structure sheaf, we will henceforth take pseudo-coherent to mean "bounded above with coherent cohomology". 4.2. The GAGA Theorem. Let X be a locally Noetherian scheme and I ⊆ O X a coherent ideal defining a closed subscheme X 0 ⊆ X. The formal completion of X along X 0 (denoted X formal,Zar ) is the topologically ringed site (X 0 , O X,formal ), where O X,formal is the sheaf of rings
Here U n is the unique lifting of the Zariski open U 0 → X 0 to a Zariski open U n → X n . For example, if X = Spec A, then X formal,Zar is nothing more than Spf A, where A is the I-adic completion of A. To state our GAGA theorem, we will need an analogous notion of formal completion for stacks. However, the definition above for schemes does not generalize because the lisse-étale site is not invariant under infinitesimal deformations. Instead, we will work with a surrogate definition of formal completion.
Definition 4.7. [Con05, Definition 1.2] The ringed site X is the lisse-étale site of X equipped with the sheaf of rings
where the limit is taken in the category of lisse-étale O X -modules.
There is a canonical morphism of ringed sites ι : X → X which on objects is simply the identity functor. Furthermore, ι is flat by [GZB15, Lemma 3.3] . We now recall the main result of [Con05] .
Theorem 4.8. Let X be an algebraic stack that is proper over an I-adically complete Noetherian ring A. Let I denote the pullback of I to X and X the ringed site as defined above with respect to I . Define X n := X × A A/I n+1 . Then there are natural equivalences of categories
The first arrow is given by sending a coherent sheaf F on X to ι * F ≃ lim F /I n+1 F , while the second arrow is given by sending a coherent sheaf G on X to the adic system (G /I n+1 G ) n .
Remark 4.9. In the case that X = Spec A, we have Coh( Spec A) = Coh(Spf A) by [Con05, Remark 1.6]. Therefore, the proposition above says that
It is tempting to think that given an adic system of finite A/I n+1 -modules M n , the corresponding coherent sheaf on Spec A is lim M n . This however is false. Let A be a complete DVR with uniformizer ̟. The sheaf lim A/̟ n on Spec A is not quasi-coherent because its global sections are A while its value on the basic open D(̟) is zero. The issue is that the functor sending an A-module M to its associated quasi-coherent sheaf M does not commute with limits. However, notice that lim A/̟ n is a coherent sheaf on Spf A.
We can now prove the following theorem:
Theorem 4.10 (Formal GAGA for pseudo-coherent complexes). Let X be an algebraic stack that is proper over an I-adically complete Noetherian ring A. The flat morphism of sites ι : X → X induces an equivalence of categories ι
Proof. We will apply Theorem 3.7 to the morphism of sites ι : X → X . We will take smooth morphisms U → X , where U is affine as a prebasis for the topology on X , and similarly for X (the underlying sites of X and X are the same). 5. Grothendieck's Existence Theorem for Pseudo-Coherent Complexes 5.1. Preparations. Let j : Y → X be a morphism of algebraic stacks. For any sheaf F on Y and object U of X lis-ét , recall that j * F is the sheaf on X lis-ét whose value on an object U of X lis-ét is F (Y × X U ). In addition, also recall that for any sheaf G on X lis-ét , j −1 G is the sheafification of the presheaf whose value
where the limit is taken over all U ∈ X lis-ét that fit into a commutative square
The functor j −1 is left adjoint to j * . However, it was observed by Gabber and Behrend that the functor j −1 is not exact (even if X and Y are schemes!) and therefore j does not induce a morphism of ringed sites Y lis-ét → X lis-ét . Hence, it is a subtle question to construct a derived pullback on the level of derived categories of sheaves of modules
On the other hand, the derived pushforward
always exists for formal reasons. Indeed,
is a left exact functor between Grothendieck abelian categories, and therefore Rj * exists by [Ser03, Corollary 3.14]. Of course, work must be done to show that Rj * has good properties such as a Leray spectral sequence for cohomology, precisely because we do not know that j * preserves injectives 2 . Indeed, this is the content of [Ols07] .
To remedy the issue of the non-functoriality of the lisse-étale site, Hall and Rydh [HR17] (building on work of [LO08] on unbounded cohomological descent) have defined a surrogate functor
We briefly recall the construction of this functor in the case that j is representable, as this is the only situation we need. The general situation is no more difficult. Let j : Y → X be a representable morphism of algebraic stacks. Let p : V → X be a smooth surjection from an algebraic space. 
The key idea to defining L(j qc ) * now is the following. By [LO08, Ex. 2.2.5], we have equivalences of categories
On the other hand, functoriality of theétale topos gives a pullback L(j
It is readily checked that the definition of L(j qc ) * is independent of the choice of smooth cover of X . We mention two important properties of this functor. The first property is that if j is flat, then given any object P ∈ D qcoh (X ) and integer n ∈ Z, we have H n (L(j qc ) * P ) ∼ = j * H n (P ). The second property is the following. Suppose that Y , X are Deligne-Mumford stacks. Theétale topos is functorial and therefore there is a pullback Lj The following results will be used to prove the existence theorem in the next subsection.
Proposition 5.1. Let j : Y → X be a morphism of locally Noetherian algebraic stacks. Then the functor
* , we see that it is constructed "locally" at the level of theétale topology, where it is given as a pullback arising from a morphism of ringed topoi. Since pseudo-coherent complexes are preserved under arbitrary pullback, we are done.
Proposition 5.2. Let j : Y → X be a representable, quasi-compact and quasi-separated morphism of algebraic stacks. Then the restriction of Rj * to D qcoh (Y ) factors through D qcoh (X ). Furthermore in this situation, Rj * = R(j qc ) * where Rj * is the derived pushforward (5.1), and therefore we have an adjoint pair
Proof. A representable morphism is concentrated by [HR17, Lemma 2.5 (3)]. The result follows from [HR17, Theorem 2.6 (2)].
Proposition 5.3. Let j : Y → X be a closed immersion of locally Noetherian algebraic stacks. Then there is a natural equivalence of categories 
is an equivalence of categories. Therefore by (5.3) and (5.4) this induces an equivalence j * of triangulated
To complete the proof, we must show that j * descends to an equivalence at the level of pseudo-coherent complexes. From the construction of j, it is clear that it restricts to a fully faithful functor
. The formation of j * commutes with cohomology and therefore to conclude it is enough to show the following.
Let F be any quasi-coherent sheaf on (X , j * O Y ). If j * F is coherent, then the same is true of F . Now the question of coherence is local and therefore we may reduce to the case that X , Y are affine schemes with the lisse-étale topology. By descent, we reduce to the setting of the Zariski topology from which the result is clear.
Grothendieck's Existence Theorem for Pseudo-Coherent
Complexes. Let X be a scheme that is proper over an I-adically complete Noetherian ring A. Recall in this case that the existence theorem for coherent sheaves follows immediately from formal GAGA. Indeed, the theory of formal schemes tells us that the reduction map from Coh( X) to the category of adic systems of coherent sheaves F n on X n := X× A A/I n+1 is an equivalence of categories. However, in the situation of complexes on an algebraic stack X , the nonfunctoriality of the lisse-étale site means that extra care must be taken. There are three issues we must clarify:
(1) The notion of an adic system of complexes on X n .
(2) The notion of an adic system of complexes on X n algebraizing to a complex on X .
The definition of a reduction functor D
. We address these as follows:
(1) For X an algebraic stack over an I-adically complete Noetherian ring A, define X n := X × A A/I n+1 . Let i n,n+1 : X n ֒→ X n+1 j n : X n ֒→ X denote the canonical closed immersions of algebraic stacks. By Proposition 5.2 L(i n,n+1,qc ) * is left adjoint to R(i n,n+1 ) * . A system of pseudo-coherent complexes P n on X n is the data for every n ≥ 0 an object P n ∈ D − coh (X n ) with maps (5.5)
The system is said to be adic if (5.5) is adjoint to an isomorphism
(2) We say that an adic system of pseudo-coherent complexes P n on X n algebraizes to a pseudo-coherent complex P on X if there exists an object P ∈ D − coh (X ) such that L(j n,qc ) * P ≃ P n . (3) By Proposition 5.3 that there is a natural equivalence of categories
Therefore, it is enough to define a functor
However, because the underlying sites of X and (X , j n, * O Xn ) are the same, we can simply define this functor by extension of scalars. In summary, we define D
The proposition below makes precise the relationship between (5.6) and the pullback
Proposition 5.4. Let j : Y → X be a closed immersion of locally Noetherian algebraic stacks. There is a 2-commutative diagram
where O X is the completion of O X with respect to the coherent ideal defining Y , and the functor j * is an equivalence by Proposition 5.3. The functor
is given by extending scalars
Proof. Pick a a diagram as in (5.2). Then we know that L(j qc )
* is given locally as j 
The result follows.
Theorem 5.5 (Grothendieck existence for pseudo-coherent complexes). Let X that be an algebraic stack that is proper over an I-adically complete Noetherian ring A. Define X n := X × A A/I n+1 . Let P n ∈ D − coh (X n ) be an adic system of pseudo-coherent complexes. Then there exists a pseudo-coherent complex
Proof. By formal GAGA (Theorem 4.10), Proposition 5.3 and Proposition 5.4, we reduce to showing the following. Let Q n ∈ D − coh (X , j n, * O Xn ) be an adic system of pseudo-coherent complexes. Then there exists a pseudo-coherent complex
Motivated by Remark 4.9, we construct Q as the derived limit R lim Q k . First, we show that R lim Q k is bounded above with coherent cohomology as follows. As the question of coherence is local, we may assume that X = Spec B equipped with the lisse-étale topology. By Proposition A.5, Corollary A.6 and Remark A.7, we may assume that each Q k is a pseudo-coherent object on the ringed site (Spec B, j k, * O Spec B k ) in the Zariski topology. In fact, since Coh(Spec B, j k, * O Spec B k ) ≃ Coh(Spec B k ), we may reduce to the following situation. We have an adic system of pseudo-coherent objects Q k on Spec B k and we must prove that
Choose a bounded above complex of finite free O B0 -modules F 
Continuing this procedure, we get an adic system of complexes {F Definition 6.1. Let R be a Noetherian ring. A complex of R-modules P
• is said to be strictly perfect if it is bounded with each P i a finite projective module. Furthermore, we say that an object P ∈ D(R) is perfect if it is quasi-isomorphic to a strictly perfect complex.
Definition 6.2. Let R be a ring. An object K ∈ D(R), is said to have finite Tor dimension if it has Tor-amplitude in some interval [a, b] . That is, for any R-module M ,
Remark 6.3. An object P ∈ D(R) is perfect if and only if it is pseudo-coherent and of finite Tor dimension [Stacks, Tag 0658] .
As in the case of pseudo-coherence, the notions of being perfect and having finite Tor-dimension generalize to any ringed site (C, O C ). A complex P
• of O C -modules is said to be perfect if for any object U there is a cover {U i → U }, strictly perfect complexes P • i and quasi-isomorphisms of complexes α i : P
Remark 6.4. In the case that C is the Zariski site of an affine scheme, and K an object of D qcoh (O C ), the two notions of being of finite Tor dimension (rings and ringed sites) agree [Stacks, Tag 08EA] . This is not a priori obvious because in the definition of finite Tor dimension for sites, the test module F is any O C -module, not necessarily quasi-coherent.
6.2. Affine Formal GAGA for Perfect Complexes. The goal of this subsection is to prove a theorem comparing perfect complexes on the Zariski and formal spectra of a J-adically complete Noetherian ring B. This will be used in the next subsection where we prove the formal GAGA theorem for perfect complexes on a proper algebraic stack X . In order to state this theorem precisely, we need to recall some facts about coherent sheaves on affine formal schemes. Let B be a Noetherian ring, J an ideal of B and B the J-adic completion of B. It is a fact that the canonical flat map of ringed spaces i : Spf B → Spec B gives rise to an equivalence of categories
Furthermore, the inverse to i * is given by the global sections functor Γ(Spf B, −) (by abuse of notation we identify Coh(Spec B) with finitely generated B-modules). Now given coherent sheaves F, F ′ on Spec B, the canonical map Ext
is an isomorphism for all n ≥ 0 by [EGA, III, 4.5.2]. Therefore, the functor
is an equivalence of categories following the method of proof of Theorem 4.10. The theorem above will follow from Corollary 6.8 below, which morally asserts that the property of being perfect can be detected by base change to the residue field. Note it is important that we work with perfect complexes rather than just vector bundles, for otherwise the result is false. Indeed, over a Noetherian local ring R, the (ordinary) base change of any finite R-module M to the residue field is finite free, but obviously not every finite module is projective. Corollary 6.8 follows from [Stacks, Tag 068V] in the non-Noetherian case. Nonetheless, since we are in the Noetherian situation, we feel compelled to give a more intuitive proof, in the sense that we use standard dévissage techniques. 
Proof. We will induct on the length of N , denoted ℓ(N ). When ℓ(N ) = 1, necessarily N ∼ = R/m and the result is clear. When ℓ(N ) > 1, we can find a submodule N 0 ⊆ N such that ℓ(N 0 ) < ℓ(N ) and ℓ(N/N 0 ) = 1. The result follows by considering the cohomology of the exact triangle
Proposition 6.7. Let (R, m) be a complete Noetherian local ring and P a pseudo-coherent object in D(R).
• → P where F • is a bounded above complex of finite free modules (such a F
• exists because P is pseudo-coherent). The complex F • is K-flat (in the sense of [Spa88] ) and therefore can be used to compute derived tensor products. In other words, for any R-module M ,
The formation of the (underived) tensor product commutes with direct limits and similarly for cohomology. Therefore, we may suppose that M is finite, a fortiori complete and so
On the other hand, by [Stacks, Tag 091D] we have
and so we can consider the Milnor exact sequence
For every k, M/m k M is a finite length R-module and therefore the previous lemma implies the right term vanishes for all i / ∈ [a, b] independent of k and the module M . The same is true of the left term for
To finish the proof, we have to show that
There is a short exact sequence of complexes
which upon taking cohomology gives a short exact sequence
The right term is zero by the previous lemma since m k−1 M/m k M is an R-module of finite length. We have shown the inverse system
} k has all transition maps surjective and therefore
Corollary 6.8. Let (R, I) be a Zariski pair, i.e., a Noetherian ring R and an ideal I contained in the Jacobson radical of R. Let P a pseudo-coherent object of
Proof. The assumption on the Tor amplitude of P ⊗ L R R/I implies for any maximal ideal m of R, the Tor amplitude of (P ⊗
where R m is the m-adic completion of R m . By Proposition 6.7 we conclude that P m ⊗ L Rm R m has Tor amplitude in [a, b] . By faithful flatness, P m has Tor amplitude in [a, b] . Since m was any maximal ideal of R, we are done.
Proof of Theorem 6.5. It is clear that
is fully faithful. To prove essential surjectivity, by equivalence (6.1) it is enough to show the following. Let P be an object of D − coh (Spec B). If i * P is perfect, then P is perfect. To this end, consider the 2-commutative diagram
Notice that Spec B/ J and Spf B/ J are canonically isomorphic as ringed spaces. Therefore, it is enough to show that if P is a pseudo-coherent object of D(Spec B) such that P ⊗ L B B/ J is perfect, then P is perfect.
Since ( B, J) is a Zariski pair, Corollary 6.8 applies and we win.
Finally, we record a consequence of Theorem 6.5 that will be used in the next subsection. Keeping with the notation above, let B be a Noetherian ring, J ⊆ B an ideal and B the J-adic completion of B. There are canonical flat morphisms of ringed spaces i : Spf B → Spec B and j : Spec B → Spec B which induce pullback maps
. Corollary 6.9. Let P be an object of D − coh (Spec B) and define ι to be the composition
Then ι * P is perfect if and only if j * P is perfect.
Proof. The non-trivial direction to prove is ι * P perfect implies that j * P is perfect. However, ι * P = i * (j * P ) and therefore the result follows immediately from the proof of Theorem 6.5 above.
6.3. Formal GAGA for Perfect Complexes.
Theorem 6.10. Let X → Spec A be an algebraic stack that is proper over an I-adically complete Noetherian ring A. The equivalence 
Proof. It is clear that the restriction ι * : Perf(X ) → Perf( X ) is fully faithful. To show essential surjectivity, by Theorem 4.10 this amounts to showing that if an object P of D − coh (X ) maps into Perf( X ), then P is perfect. Without loss of generality, we may assume that the pullback of I to X is not the unit ideal, for otherwise X = X and there is nothing to prove.
Let U = Spec B → X be a smooth surjection from an affine scheme. First we will show for any maximal ideal m containing IB that the restriction of P to Spec B m in the Zariski topology is perfect (The reader that prefers a more deformation-theoretic viewpoint may interpret this as saying for any closed point x 0 in X , the restriction of P to a versal ring of X at x 0 is perfect). The object ι * P is perfect on X and therefore ι * (P | By Corollary 6.9, we deduce that j * Q is perfect where (keeping with the notation in the previous subsection) j * is the pullback
. Now the ideal IB is contained in the maximal ideal m and therefore the map B m to the I-adic completion B m is faithfully flat. We conclude that Q is perfect by [Stacks, Tag 068T] . This completes the claim that P | Spec Bm is perfect in the Zariski topology.
The preceding argument shows that the restriction of P to the (Zariski) local ring at any closed point of U 0 := U × A A/I is perfect. By spreading out, there is a Zariski open V containing U 0 such that P | V is perfect. Therefore to show that P is perfect, it is enough to show that the composition V → U → X is surjective. Let W denote the image of this morphism. It is an open substack of X containing X 0 . If the complement |X | − |W | is non-empty, by properness its image in Spec A is a non-empty closed set disjoint from Spec A/I, contradicting the adic property of A. Therefore |W | = |X | and so V → X is surjective by [Stacks, Tag 04XI].
6.4. Grothendieck's Existence Theorem for Perfect Complexes.
Theorem 6.11 (Grothendieck Existence). Let X be an algebraic stack that is proper over an I-adically complete Noetherian ring A. Define X n := X × A A/I n+1 . Let {P n } be an adic system of perfect complexes on X n . Then there exists a perfect complex P ∈ Perf(X ) such that L(j n,qc ) * P ∼ = P n .
Proof. By formal GAGA for perfect complexes (Theorem 6.10) and arguing as in Theorem 5.5, it is enough to show the following. Let Q k be an adic system of perfect complexes with each
As the question of being perfect is local, just as in the proof of Theorem 5.5 we may reduce to the situation that X = Spec B and Q k are perfect on (Spec B k , O Spec B k ) in the Zariski topology. Furthermore, by the proof of Theorem 5.5, we know that
such that its pullback to Spec B 0 is isomorphic to Q 0 . Now recall by (6.1) that there is an equivalence of categories
. It follows that Q is the image of a pseudo-coherent object Q ′ on Spec B with the property that
B/I B is perfect. By Corollary 6.8, Q
′ is perfect and therefore Q is perfect.
Grothendieck's Existence Theorem for Relatively Perfect Complexes
Definition 7.1. Let S be an algebraic space and f : X → S an algebraic stack over S that is flat and locally of finite presentation. An object P ∈ D(X lis-ét ) is said to be relatively perfect over S if it is pseudo-coherent as an object of D(X lis-ét ) and locally has finite Tor dimension as an object of D(f −1 O S lis-ét ).
Remark 7.2. Let X → Spec k be the nodal cubic curve. Then the structure sheaf of the node is relatively perfect over Spec k, but is not perfect on X. This shows that the notion of being relatively perfect does not mean perfect on fibers.
Proposition 7.3. Let X be an algebraic stack that is proper and flat over an I-adically complete Noetherian ring A. Define X n := X × A A/I n+1 and let j n : X n ֒→ X denote the canonical closed immersion of stacks. Let P n ∈ D(X n ) be an adic system of relatively perfect objects over Spec A/I n+1 . Then there is a object P ∈ D(X ) that is relatively perfect over Spec A such that L(j n,qc ) * P = P n .
Proof. Let Spec B → X be a smooth cover by an affine scheme. The restriction of L(j n,qc ) * to the (small) etale site of Spec B agrees with theétale pullback L(j n,ét ) * . Therefore, as the question of being relatively perfect over A is local on X , we may assume that X = Spec B with theétale topology. Furthermore, just as in the proof of Theorem 6.10, by [Stacks, Tag 0DK7] and [Stacks, Tag 0DHY] we may work in the Zariski topology and prove the following. Let Spec B → Spec A be a flat morphism of finite type, with A an I-adically complete Noetherian ring A. Let P be a pseudo-coherent object of D(Spec B) and suppose that P ⊗ L B B/IB has finite Tor dimension as an A/I-module. Then P has finite Tor dimension as an A-module. To prove this, observe by flatness that the natural map
Since A → B is finite type, P is a pseudo-coherent object of D(A). The result follows from Corollary 6.8.
Appendix A. Comparison between Topologies
A.1. Comparisons between topologies on a scheme. Let X be a locally Noetherian scheme and X 0 ⊆ X a closed subscheme defined by a coherent ideal I. Previously, recall that we defined the ringed site X := (X lis-ét , O X lis-ét ).
Let X Zar and Xé t denote respectively the Zariski and (small)étale sites of X. Analogously, we may define X Zar and Xé t . In this appendix, we will record comparison results between the the categories of pseudocoherent objects on X Zar , Xé t and X. Similarly, we will also record a result comparing Tor dimensions of pseudo-coherent objects on these three sites. We let ǫ : Xé t → X Zar and δ : X lis-ét → Xé t the canonical flat morphisms of ringed sites.
Proposition A.1. The pullback maps ǫ * and δ * induce equivalences of categories
Proof. See [Con05, Remark 1.6].
Lemma A.2. Let X be an affine Noetherian scheme, I a coherent ideal on X. For any coherent sheaf
Proof. Define G n := G/I n+1 G. First we prove that the natural map G → R lim G n is an isomorphism. Since
. Therefore we reduce to showing for Y = Spec A that
We have
by [Stacks, Tag 03DW] . Therefore by (A.1),
for all i ≥ 2. To show vanishing when i = 1, we must show that
Now Y is affine and therefore
2) follows and so G ∼ → R lim G n . Repeating exactly the same argument, we get that
for all i > 0 as desired.
Corollary A.3. Let X be a locally Noetherian scheme and G a coherent sheaf on Xé t . Then R i ǫ * G = 0 for all i > 0.
Corollary A.4. Let X be a locally Noetherian scheme and F a coherent sheaf on X Zar . Then
for all n ≥ 0.
. By the coherence of ǫ * F , Corollary A.3 and the fullfaithfulness of ǫ * (Proposition A.1) we have R ǫ * ǫ * F = ǫ * ǫ * F = F . The result follows.
Proposition A.5. We have natural equivalences of categories 
All the conditions of Theorem 3.7 are satisfied and therefore
is similarly shown. We leave this to the reader; the key point being [LMB00, Proposition 12.7.4] which states that δ induces an equivalence of ringed topoi
Corollary A.6. Let P n be an inverse system of objects in
Proof. Let Ué t be any object of Xé t . Then we have
We used the fact that R lim P n ∈ D − coh ( X Zar ) to pass from the second to third equality. Since Ué t was arbitary, we are done.
Remark A.7. Let P n be an inverse system of objects in D − coh ( Xé t ). Consider the morphism of sites δ : X lis-ét → Xé t . This morphsim is cocontinuous by [Stacks, Tag 0788] . It follows the canonical morphism δ * R lim P n → R lim δ * P n is an isomorphism D( X lis-ét ).
Proposition A.8. Let X be a locally Noetherian scheme and let ǫ : Xé t → X Zar , δ : X lis-ét → Xé t denote the canonical morphisms of sites. An object P ∈ D( Xé t ), has finite Tor dimension if and only if the same is true of ǫ * P . Similarly, Q ∈ D( X lis-ét ) has finite Tor dimension if and only if the same is true of δ * Q. 
Lemma B.1. Let (X, O X ) be a ringed site and F • → J • a quasi-isomorphism of complexes of O X -modules. Then for any K-injective complex I
• , the canonical morphism
is a quasi-isomorphism in the homotopy category K(PMod(O X )). To prove the lemma, we must show for every object j : U → X and integer n ∈ Z that (B.1) H n (Γ(U, Hom • (Fgt(C • ), Fgt(I • )))) = 0.
We used adjunction between Fgt and (−) # in the third equality. In the fourth equality, we used the fact that forgetting and then sheafifiying is the same as the identity! Now j ! j * C • is acyclic since j * , j ! are exact and C
• is acyclic. It follows by definition of being K-injective that 3 The careful reader will note it is important these equalities are in the derived category and not the homotopy category. is commutative, and to prove the following fact. For any F, G ∈ D(PMod(O X )), the derived category of presheaves,
Let K • be a K-flat complex that is quasi-isomorphic to F, and G • any complex representing G. The complex
Note that the formation of the total complex commutes with taking sections in the category of presheaves. Therefore,
To complete the proof, we must show that if K • is a K-flat complex of presheaves, then Γ(U, K • ) is a K-flat complex of modules. To this end, let M
• be an acyclic complex of modules, and M • the constant complex of presheaves associated to M
• . Then 
